Abstract. Pulsars are stars that emit electromagnetic radiation in well-defined time intervals.
Introduction
Pulsars are astrophysical objects normally modeled as neutron stars that originated from the collapse of a progenitor star [1] . In a model which we will refer to as canonical, pulsars are described by spherical magnetized dipoles that rotate, usually with the magnetic axis misaligned relatively to the rotation axis. This misalignment would be responsible for the observation of radiation emitted in well-defined time intervals in a certain direction, which is the typical observational characteristic of this kind of star.
Observations show that the rotation frequency of pulsars is slowly decaying with time (the stars are spinning down), implying a gradual decrease of the angular velocity, according to the canonical model [2] . Such decay can be quantified by a dimensionless parameter known as braking index, n. The canonical model predicts that this index has only one value for all pulsars, equal to 3. However, observational data show that actual braking indices are different from 3, indicating that the canonical model requires improvement [3] .
One such attempt of improvement is the pulsar wind model [4] , which yields a braking index n=1 but has presented interesting results when combined with the canonical contribution due to the magnetic dipole (n=3). A similar reasoning is followed in the work [5] .
Other works investigated different aspects of the problem. For instance, [6] proposed a phenomenological function in the energy conservation formula, while [7] proposed an increase in the angle between the magnetic moment and rotation axis as the cause of the evolution of the torque that has been related to glitch events for non-canonical braking indices. Moreover, [9] investigated the possibility of an effective force acting on the star, whereas [10] and [11] studied the high braking index of PSR J1640-4631 combining magneto-dipole radiation and dipole magnetic field decay. In addition, [12] presented the possibility that accretion of a millicharged dark matter can change the braking index of a pulsar.
In order to explain braking indices we model a pulsar as an object composed by a large superfluid core and a thin outer crust, which may couple and decouple according to physical conditions. Such coupling and decoupling dynamics may introduce sudden changes in rotation as well as variations on the effective moment of inertia in the long-term, yielding changes to the canonical model [34] .
The main result of this work is to revisit the canonical model introducing a displacement parameter which we show (in section 3) to resemble the radial velocity of the flow of superfluid vortices of the core. Starting from the model of spin-powered pulsars, where the electromagnetic energy is provided by the rotational energy [13] , we explore the influence of the variation of the displacement parameter on the value of the braking index considering a theoretical model. According to our approach when the braking index is less than 3 the vortices would influence the star's angular momentum, increasing it without changing the emission of magnetic dipole energy. The increase of the displacement parameter would reduce the star's angular velocity and, consequently, the frequency of the light pulses of the pulsar, as is observed.
We tested our approach with data of ten pulsars with observed braking indices, obtaining theoretical indices compatible with the observational ones. Also, we found that the variation of the displacement parameter is small and slow in time, suggesting that the related physical process is feasible.
This paper is organized as follows. In section 2 we briefly review the canonical model as also a description about superfluid core and list the ten pulsar sample. In section 4 we present our pulsar model, which bears great similarity to the canonical one except for the radial velocity flow. In section 5 we discuss physical mechanisms. Building on the knowledge developed with the ten pulsars, in section 6 we predict braking indices for additional young pulsars. Section 7 closes the paper with our concluding remarks.
Summary of the canonical model and observed braking indices
In the model usually adopted to describe pulsars, to which we refer as canonical [13, 14] , these stars are composed mainly by neutrons and are described by spherical magnetized dipoles that rotate with angular velocity Ω = 2πν, with the magnetic axis misaligned relatively to the rotation axis. The electromagnetic energy radiating from the pulsar is given by [15, 16] ,
where the dot denotes a time derivative, c is the speed of light in vacuum and m is the dipole moment,
This expression has the following constants: B P is the magnetic field at the pole, R 0 is the radius of the pulsar and α is the angle between the magnetic dipole axis and the rotation axis. The rotation frequency, ν, of the pulsar varies with time, as shown in Table 1 . This could reflect on the behavior of the magnetic field with time since in this model [17] it has the following expression when sin α = 1 (which is the case when the dipole moment is perpendicular to the rotation axis):
However, since the rotation frequency and its derivatives vary very slowly with time, for practical purposes B P is normally considered constant. We use this expression to obtain the values of "B P (canon)" in Table 2 . Using equations (2.2) and (2.3) the expression for the radiated energy becomeṡ
In the canonical model the energy carried away by the radiation originates exclusively from the rotational kinetic energy of the neutron star, given by
where I is moment of inertia of a sphere, assumed constant. (For estimate purposes in some works the moment of inertia is calculated using the approximate formula I = M R 2 0 . Here we use I = 2M R 2 0 /5.) The rotation power is thuṡ
Energy conservation translated in terms of power yieldṡ
Therefore, the canonical model implies a gradual slowdown of the star's rotation. A pulsar's spin-down can be quantified by the braking index, n, defined by
For the canonical model equation (2.8) yields n = 3, a value constant for all pulsars. However, observational data have resulted in n = 3. For the pulsars listed in Table 1 data is not dominated by timing noise; in the case of the Vela pulsar, a more accurate method was used to obtain data in the long term [66] . Therefore, reliable calculations of braking indices are possible for such pulsars, and they yield braking indices smaller than the value given by the canonical model. This inconsistency is the motivation for the approach that we propose in this work.
State of Thermodynamic Equilibrium of the Core of a Rotating Neutron Star
In order to propose a refinement to the canonical model we first focus on a more complex model for the neutron star, starting from its birth.
In the initial stage of the neutron star after the explosion of its progenitor star (supernova effect), matter is in a normal state due to the temperatures reached after the collapse of the star core. The star quickly cools down through neutrino irradiation [53] and when the temperature is below Cooper's critical temperature neutrons form a superfluid [54] while protons form a superconductor [55] . This critical temperature is given by the ratio between a A possible reduction of about 15% is observed after a large glitch [71] . b The braking index was found to decrease to n = 2.19 after a large glitch [69, 70] .
the Fermi energy and the Boltzmann constant (T c =
, and for neutron matter it is close to 10 12 K which is much greater than the value of the inner temperature of neutron stars (10 6 − 10 8 K) [41] . Therefore, we admit that neutron stars have a thin, solid outer crust that surrounds the majority of its mass, which lays in the core mostly in the form of superfluid neutrons and superconducting protons.
As the crust rotates the superfluid is expected to move as well, reaching a dynamical state dominated by vortices whose axes are parallel to the rotation axis. The influence of these vortices is quantified through a number known as circulation. We brefiely summarize the general theory as follows, for the sake of completeness.
Given a vortex in a neutron superfluid, the circulation is defined as the line integral along a path C that surrounds the vortex circulation, given as [44, 56] ):
where v s is the fluid velocity and dl the line element along C. The fluid velocity can be found considering that the general shape of the Cooper pair can be described by a wave function of the condensed as [41, 44] 
where the amplitude |ψ a | is a thermodynamic state variable and the phase θ is a scalar. From this wave function the velocity of the superfluid is given by
with 2m n being the mass of a pair of neutrons and being Planck's constant divided by 2π . As this velocity is the gradient of a scalar it follows that the flow of a superfluid is irrotational, implying that the condensate will be able to withstand circulation only at certain points of singularities within the fluid [41] . In such isolated configuration with non-zero circulation the singularities are vortex lines [44] , which carry angular momentum. The greater (smaller) the angular momentum of the superfluid, the more (less) vortex lines it will harbor. Vortex conservation law is associated with mass conservation equation in fluid mechanics [44, 63] . When this law is associated to other superfluid properties [59, 60] one finds an expression for the brake in the superfluid rotation,Ω s :
where v R is the radial velocity (relative to the rotation axis of the star) of the it flow of the superfluid vortices, R n is the radius of the star's core and n v is the density of vortices. The quantum of circulation, κ 0 , is given by κ 0 = π /m n . Therefore, when the superfluid rotation decays in time the vortices move outward with velocity v R . One can show that [57] n v κ 0 = 2Ω s , allowing eqn. (3.4) to be rewritten aṡ
After a pulsar is rotating for a while, core and crust are expected to rotate at the same angular velocity (except when special, short-term events might occur, like glitches). Therefore, in the long term we have Ω s = Ω. For the same reason it results that as the crust brakes due to magnetic torque the core brakes correspondingly, implyingΩ s ≡Ω. In this case eqn. (3.5) is given byΩ
It is estimated that the crust of a pulsar is thin, occupying approximately 10% of its radius. Therefore, considering a typical total radius of 10 km the core's radius is R n ≈ 9 km. Given this figure, typical vortices' velocities can be estimated from observational data of pulsars' rotation frequencies. For example, using data from Table 1 for the Crab pulsar (B 0531+21) we obtain v R ≈ 0.5 cm/day, showing that Crab's superfluid vortices move quite slowly away from the rotation axis.
This kind of estimate is important to help probing the inner structure of neutron stars as the number obtained is connected to observational data. As [59] quoted, each physical model for superfluid spin decay is in general a model for v R . In the next section we will approach this result from a different perspective, revisiting the canonical model and relating the core superfluid dynamics to the braking index of pulsars.
Braking indices of Pulsars with Dynamic Cores

The Displacement Parameter and Rotation Power
Pulsars may be treated as slowly rotating stars with moments of inertia very close to those of non-rotating neutron stars [27] . [28] showed that rigid and slow rotation distorts neutron stars, changing their moments of inertia; it also promotes a spherical stretching that varies with the star's radius, which can be quantified by the fractional change in mean radius, depending on the chosen equation of state. In general rotation tends to increase a pulsar's radius relative to the non-rotating regime.
This stretching of a pulsar in response to rotation inspired this investigation of the behavior of the braking index in the presence of a variation in time of a convenient displacement parameter.
As in the canonical model, we assume that the pulsar changes its rotational energy (E rot ) into the form of electromagnetic dipole radiation (E mr ) according to equation (2.7). However, differently from that model we will consider that the pulsar consists of a thin, solid crust with constant moment of inertia I c , and a large spherical core with total constant mass, M n , made basically of superfluid neutrons, whose moment of inertia will be given by
In this expression R is a displacement parameter that summarizes in its mathematical behavior all physical factors that influence the moment of inertia other than the core's total mass. We assume that the core's moment of inertia may change with time but not due to changes in its total mass (M n ) or physical radius (R n ); instead, any change in I n should be due to internal displacements of mass that are quantified by R(t).
It is natural to expect that the displacement parameter will be close to R n , so we perform a Taylor expansion of this parameter as follows:
where t 0 is an instant in time that we will choose equal to zero. We will assume that this expansion can be truncated after its second term due to negligible higher R derivatives:
As a first order approximation we will assume that the first time derivative of the displacement parameter (Ṙ) is constant. This number, with units of velocity, is expected to vary from pulsar to pulsar as it informs about the inner dynamics of the star.
Note that whenṘ = 0 equation (4.2) yields R = R n and equation (4.1) results in the usual moment of inertia of a solid core as expected. On the other hand, a nonzeroṘ in equation (4.2) does not mean a change in the value of the physical radius of the core; it indicates the presence of internal displacements of mass that change the core's moment of inertia, as explained above.
Differentiating the expression for the rotational energy, equation (2.5) , with respect to time, in view of the assumptions of our model results iṅ
Since any changes in the angular velocity of the crust, Ω c , are rapidly transmitted to the core, in practice the angular velocity of the latter, Ω n , will be considered equal to Ω c ≡ Ω. Therefore equation (4.3) becomeṡ
As the moment of inertia of the thin crust is expected to be much less than the moment of inertia of the large, heavy core, we approximate I c + I n ≈ I n . Similarly, we consider M n practically equal to the total mass of the pulsar, M . Using these approximations in equation (4.4) together with the time derivative of the definition (4.1) we finḋ
which, using the definition (4.1), becomeṡ
We will further admit that for the duration of typical observational time intervals, τ , the condition τṘ << R n holds such that equation (4.2) yields the following typical value for R:
Therefore, for typical observational times equation (4.6) assumes the forṁ
Finally, assuming a core that occupies the vast majority of the pulsar's volume we have R n ≈ R 0 and the expression for the rotation power becomeṡ
The Displacement Parameter and Braking Indices
Our assumptions can also be used to find the expression for the magnetic radiation power from equations (2.1) and (2.2), which results iṅ
Substituting equations (4.9) and (4.10) in equation (2.7) yields
where we dropped the sub index 0 in R 0 for simplicity such that R henceforth corresponds to the typical star radius. Solving this equation for the time variation of the angular velocity,Ω, we obtain an expression that we differentiate with respect to time to determine a new expression, which allows us to determineΩ. Finally, we obtain the braking index n using the definition (2.9):
.
(4.12)
Solving equation (4.12) forṘ we find the expression for the time variation of the displacement parameter:
We will estimate values forṘ assuming c = 2.9 × 10 5 km s −1 for the speed of light in vacuum and the following typical values applied to the pulsars given in Table 1 : star radius R = 10 km and total mass M = 1.4 M (where M denotes one solar mass). These values correspond closely to stable neutron stars as described in Ref. [28] . They imply, when the pulsars were born, an estimated moment of inertia of I 0 = 2MR 2 /5 = 56 M km 2 .
The Displacement Parameter and Pulsars' Magnetic Fields
As for the magnetic field, it is common to adopt the typical value of B P = 10 12 G obtained from the canonical model. However, we will verify whether the time variation of the displacement parameter would change the magnetic field significantly in the present model. To this end we isolate the magnetic field in equation (4.11), obtaining the expression
(4.14)
In the above equation the second and third terms under the square root in the denominator are negligible when compared to its first term. Therefore, the expression for the magnetic field for pulsars in our model is approximated by
In this expression, whenṘ = 0 and sin α = 1 the canonical expression (2.3) is recovered. The second term under the second square root of this equation will be negligible when
We will find to which extent this relation is satisfied after estimatingṘ with the aid of the braking indices from Table 1 as follows. Substituting (4.15) in (4.12) yields
In Figure 1 the dependence of the braking index (n) on the pulsar core dynamics (quantified byṘ) is shown for the pulsars listed in Table 1 . This equation can be inverted, yielding an expression for the variation in time of the displacement parameter:Ṙ
We used this equation to obtain the values ofṘ presented in Table 2 , which show that for this sample of pulsars the condition (4.16) is not completely fulfilled. The values of the Table 2 . Nevertheless, canonical values of the magnetic field should not be used in equations (4.12) and (4.13), as they would yield canonical results. The small difference between the values of the magnetic field in the two models is essential to yield observational braking indices.
On the other hand, as a consequence of the magnitude of the terms containingṘ, the magnetic field in equation (4.15) , as well as the magnetic dipole moment in equation (2.2) (which varies according to the small fractionṘ/R), have negligible time derivative in our model for practical purposes, as both do in the canonical model. In other words, in our model, despite the existence of a dynamic core that influences the braking index, both the magnetic field and the magnetic dipole moment behave in time as they do in the canonical model.
The values positive forṘ in Table 2 indicate that those pulsars have displacement parameters that are increasing with time, i.e., the moments of inertia of the cores of those stars are slowly increasing. As an illustration of such increase we calculated the moment of inertia after the characteristic time, t c , had elapsed for our sample of pulsars (I c in Table 2 ), where [29] 
This time is normally used as an estimate of the pulsar's age (the spin down age 1 decay in time (Ω < 0), resulting in t c > 0. Here we adopt t c as a definition.), and it indicates that Vela (B0833-45) as well as J1734-3333 are the oldest of the sample (see Table 2 ). According to our model and assuming that all pulsars from Table 1 have had R = 10 km since they were born, after their characteristic times have elapsed all of them would have moments of inertia I char between 60 and 90 M km 2 (see Table 2 ). These are values within ranges obtained in theoretical models [30] . Notably, the increase in the moment of inertia of B1509-58 during its characteristic time relative to the moment of inertia at birth (I 0 = 56 M km 2 ) is the smallest in the sample and yet it is relevant for the braking index physics of this model.
Using the definition (4.19) for the characteristic time in the equation for the braking index, (4.17), we obtain
This expression shows that, for a given core dynamics (quantified by a fixedṘ), older pulsars (where "old" refers to high t c ) are expected to have lower braking indices. This is indeed the case shown in Figure 1 , where the curve at the top corresponds to the youngest pulsar of the sample, while the curve at the bottom corresponds to the oldest one.
For an increasing displacement parameter a pulsar's moment of inertia should increase as well. We analyze this variation noting, in Table 2 , that the displacement parameter varies with time within the range 2.9 × 10 −7 cm s −1 to 3.4 × 10 −6 cm s −1 . The corresponding moments of inertia after the characteristic time has elapsed (I c ) lie within the range [57.6, 92.1] M km 2 . Taking as a reference Figure 2 of Ref. [31] , which displays star mass versus radius for a number of equations of state, for spherical neutron stars moments of inertia would lie approximately between 35 and 180 M km 2 . Therefore, the values of I c are well within this theoretical range. According to our model the variation in moment of inertia during a time interval ∆t due to an increase in the displacement parameter is, to leading order inṘ, given by ∆I = 2 ∆tṘI 0 /R. Such changes are small for typical observational time intervals; for the pulsars in Table 2 after a year ∆I would be of the order of 10 −3 M km 2 .
Regarding the centrifugal force, F cf = IΩ 2 /R, it decreases in time in the canonical model because so does Ω. We now show that in our model it is also expected to decrease despite an increasing moment of inertia. Indeed, considering a time-varying displacement parameter given by eqn. (4.2) the time derivative of this force iṡ
This derivative is negative in our model because the first term in the parenthesis is negative and, in modulus, is larger than the second one (see Table 2 ). In other words, physically the centrifugal force decays because the decrease in the pulsar's angular frequency is faster (relative to the angular frequency involved) than the simultaneous relative increase in moment of inertia.
Interpreting the Changing Moment of Inertia
By hypothesizing that the moment of inertia could change in time due to motions of the superfluid neutron core, we found that such change could account for the observed braking indices if the pulsar's moment of inertia was increasing due to processes in the core that could be mathematically described by the increase in a displacement parameter. The change in this parameter would be so slow (Ṙ is 1.4 cm/day for the Crab pulsar) that even in a relatively long time interval (thousands of years) the moment of inertia would not depart from values obtained in theoretical models and the centrifugal force would be negative. The change in the displacement parameter can be considered a mathematical tool to quantify the complex variations in mass distribution of the superfluid core in only one parameter, namelyṘ. Indeed, in equation (4.11), the radiated power, quantified in the RHS, originates from a variation of the star crust's angular frequency (first term in the LHS) and a variation in moment of inertia (second term in the RHS). The variation of the star crust's angular frequency is also present in the canonical model and does not suffice to explain the observed braking indices. The variation in the moment of inertia, introduced in our model, therefore must account for all other physical characteristics of the system that influence the braking index related to mass displacements in the star's inner structure.
The very slow increase of the core's moment of inertia suggests a gradual accommodation of stellar structures to the continuous change in angular velocity. This is likely to reflect in the crust, where stresses could gradually build up in some regions due to inhomogeneities and eventually ruptures could occur there, perhaps in the form of starquakes. Particularly strong quakes could even disrupt the rotational motion, allowing their observation in the form of glitches in the pulsed radiation.
In order to inspect the meaning of a time-varying displacement parameter, we focus on the conventional model for a pulsar as a spinning neutron star with a thin crust and a large core. In the latter, superconducting protons are assumed to coexist with a large amount of superfluid neutrons together with a smaller amount of relativistic degenerate electrons [32] [33] [34] [35] .
It is noteworthy that parallel to the pulsar's spin axis the rotating superfluid is expected to form a practically uniform array of co-rotating quantized Onsager-Feynman vortex lines, whose distribution and motion govern the star's rotational dynamics [37] [38] [39] . As we presented in Section 3, these lines must expand (move outward) when the neutron star spins down [40] [41] [42] [43] , meaning that a vortex at a distance r ⊥ from the spin axis would move outward until r ⊥ reached the core's neutron superfluid radius, which is approximately the radius of the star since the crust is thin. As a consequence of the law of vortex conservation [44] , while the neutron star spins down the superfluid core responds by destroying the vortices in proportion: the radial outward flow of the vortices yields the annihilation of the required number at the interface between the inner crust and the superfluid core. Such change in the number of vortices implies changes in mass distribution in the core, yielding changes the core's moment of inertia.
For spinning-down pulsars cold enough to have superfluid cores vortex outward velocities are generally less than the cm/day [32, 33] , as we calculated in Section 3. The coincidence between this estimate and the order of the increase in the displacement parameter in our model is evident and in fact has the following explanation.
Assuming that angular momentum L = I Ω is conserved, thenL =İΩ + IΩ = 0. As the moment of inertia of the core (I n ) is much larger than the crust's (I c ) and the former changes with time while the latter does not, then angular momentum conservation yieldṡ
Applying the expression for I n , eqn. (4.1), in the above equation results in
which, for observational time intervals, can be written aṡ
This equation is almost identical to eqn. (3.6). They become identical if we identifẏ
We now note that in our modelṘ is given by eqn. (4.18) . This expression only assumes the form of eqn. (5.1) when n=1. Therefore, only pulsars with braking indices close to 1 would allow the identification (5.2). This is the case for J1734-3333, and the values in columns 2 and 3 of Table 2 indicate such identification. Therefore, when n=1 we explain this value for the braking index by the changes in moment of inertia due to mass motions inside the core that occur because of the outward motion of superfluid vortex lines.
For young, isolated pulsars that do not present angular momentum conservation (n = 1) we compare eqn. (4.18) to eqn. (3.6) with R = R 0 ≈ R n and identify:
In such cases the moment of inertia of the pulsar is changing by a fraction of the contribution due to vortex line motions, indicating that other kinds of mass motions can be occurring in the superfluid core, perhaps linked to the lack of conservation of the angular momentum. The presence ofṘ in the expression for the magnetic field, eqn. (4.15), may inform about how the dynamic of the star core could influence that field. The application of expression (4.18) to eqn. (4.15) indicates that the smaller the braking index the stronger the influence of internal processes on the magnetic field.
As observational data have allowed us to obtain numerical values for the parameterṘ, we will use this information in the next section to make a few predictions. 
Predicting pulsars' braking indices
Assuming that our sample of pulsars is representative of young, isolated pulsars, we used the lowest and highest values ofṘ in Table 2 to predict ranges of braking indices of other young pulsars. This means that we calculated the lowest range value applyingṘ = 2.9 × 10 −7 cm s −1 to equation (4.20) , while the highest one was found applyingṘ = 3.4 × 10 −6 cm s −1 to that equation.
To illustrate this procedure we used the pulsars whose data are listed in Table 3 . They were chosen because either their observational braking indices, n obs , were published in the literature or they were theoretically investigated elsewhere [6] .
The range that our model predicts for their braking indices is consistent with our previous considerations. The high braking index reported for J1640-4631 by Ref. [46] is yet to be confirmed since those authors could not rule out contamination due to an unseen glitch recovery; our model predicts a more conventional value of n for it. If pulsars with such braking indices are confirmed to exist we will have to analyze their physical characteristics in order to properly explain their n-values using our model. For example, it is known that for indices within the range 3 < n < 5 there is also loss of energy by emission of gravitational waves (de Araujo, Coelho e Costa 2016). The ranges predicted for pulsars J1124-5916 and J1418-6058 are significantly coincident with the ranges predicted in Ref. [6] .
Conclusions
In this work we presented a new model to investigate pulsars' braking indices, which admits a time-varying moment of inertia for the star due to time-varying mass displacements in the superfluid core quantified byṘ. We related the braking index toṘ and found estimates for the value of this parameter were based on observational data. We interpretṘ as a parameter that summarizes different influences on the pulsar's rotation dynamics due to the pulsar's core dynamics.
We used the values estimated forṘ to predict ranges of values of braking indices for other young pulsars. As more braking indices are observationally determined in the future, the more accurate the statistical knowledge ofṘ will be.
We showed that when the braking index is near 1, as is the case for J1734-3333, according to our model the increase in moment of inertia is related to the dynamics of superfluid vortex lines in the pulsar's core due to the coincidence between the estimated value forṘ and the approximate speed of travel of the vortex lines. For pulsars with n > 1 the motion of such vortex lines seems to have less influence on the value of n as it approaches n = 3, while pulsars with n < 1 would present other factors influencing n besides superfluid vortex line motions in the core.
Other investigations may still be conducted in the context of this model, such as: the definition of the family of pulsars for which the range of values obtained for the radius's variation is applicable; verification of the applicability of this model to magnetars and to pulsars with magnetic fields with values different from those of the pulsar sample used here, as well as to pulsars with braking indices greater than 3; analysis of the model in the presence of other mass values.
